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Àííîòàöèÿ
àáîòà ïîñâÿùåíà ðåøåíèþ ñòàöèîíàðíûõ çàäà÷ èëüòðàöèè íåñæèìàåìîé æèäêî-
ñòè, ñëåäóþùåé íåëèíåéíîìó ìíîãîçíà÷íîìó çàêîíó èëüòðàöèè ñ ïðåäåëüíûì ãðàäè-
åíòîì â ìíîãîñëîéíîì ïëàñòå ïðè íàëè÷èè òî÷å÷íîãî èñòî÷íèêà. Çàäà÷à èëüòðàöèè
ñîðìóëèðîâàíà â âèäå ñìåøàííîãî âàðèàöèîííîãî íåðàâåíñòâà ñ îáðàòíî ñèëüíî ìî-
íîòîííûì îïåðàòîðîì â ãèëüáåðòîâîì ïðîñòðàíñòâå. Äëÿ ðåøåíèÿ âàðèàöèîííîãî íåðà-
âåíñòâà ïðåäëàãàåòñÿ èñïîëüçîâàòü èòåðàöèîííûé ìåòîä ðàñùåïëåíèÿ. Â îòëè÷èå îò ðàíåå
ðàññìàòðèâàâøèõñÿ ïðåäëîæåííûé ìåòîä ïîçâîëÿåò íàõîäèòü íå òîëüêî ïðèáëèæåííûå
çíà÷åíèÿ äàâëåíèÿ æèäêîñòè, íî è ñêîðîñòè èëüòðàöèè, â ÷àñòíîñòè, íà ìíîæåñòâàõ,
ñîîòâåòñòâóþùèõ òî÷êàì ìíîãîçíà÷íîñòè â çàêîíå èëüòðàöèè. Èññëåäîâàíà ñõîäèìîñòü
ìåòîäà.
Êëþ÷åâûå ñëîâà: òåîðèÿ ïîäçåìíîé èëüòðàöèè, ìíîãîñëîéíûé ïëàñò, òî÷å÷íûé
èñòî÷íèê, îáðàòíî ñèëüíî ìîíîòîííûé îïåðàòîð, èòåðàöèîííûé ïðîöåññ.
1. Ââåäåíèå
Â ðàáîòå ðàññìàòðèâàåòñÿ óñòàíîâèâøèéñÿ ïðîöåññ èëüòðàöèè íåñæèìàåìîé
æèäêîñòè ñ ýåêòèâíûì ìíîãîçíà÷íûì çàêîíîì â ìíîãîñëîéíîì ïëàñòå ïðè íà-
ëè÷èè òî÷å÷íîãî èñòî÷íèêà, ìîäåëèðóþùåãî ñêâàæèíó. Òðåáóåòñÿ îïðåäåëèòü ïîëÿ
äàâëåíèÿ è ñêîðîñòè èëüòðàöèè, óäîâëåòâîðÿþùèå óðàâíåíèþ íåðàçðûâíîñòè è
ñìåøàííûì ãðàíè÷íûì óñëîâèÿì. Ïðåäïîëàãàåòñÿ, ÷òî óíêöèÿ, îïðåäåëÿþùàÿ
çàêîí èëüòðàöèè, èìååò ëèíåéíûé ðîñò íà áåñêîíå÷íîñòè.
Îáîáùåííàÿ ïîñòàíîâêà çàäà÷è èëüòðàöèè ñîðìóëèðîâàíà â âèäå âàðèàöè-
îííîãî íåðàâåíñòâà îòíîñèòåëüíî äàâëåíèÿ  óíêöèè èç
◦
W
(1)
1 (Ω) , ãäå Ω  îá-
ëàñòü èëüòðàöèè. Çàòåì ââåäåíà âñïîìîãàòåëüíàÿ çàäà÷à ñ ïðàâîé ÷àñòüþ, çàäà-
âàåìîé äåëüòà-óíêöèåé. Äëÿ âñïîìîãàòåëüíîé çàäà÷è èçâåñòíî ðåøåíèå â ÿâíîì
âèäå. Áëàãîäàðÿ ýòîìó îáîáùåííàÿ ïîñòàíîâêà ñâåëàñü ê íàõîæäåíèþ ðåøåíèÿ ñìå-
øàííîãî âàðèàöèîííîãî íåðàâåíñòâà ñ îáðàòíî ñèëüíî ìîíîòîííûì îïåðàòîðîì [1℄
â ãèëüáåðòîâîì ïðîñòðàíñòâå
◦
W
(1)
2 (Ω) . Ôóíêöèîíàë, âõîäÿùèé â ýòî âàðèàöèîííîå
íåðàâåíñòâî, ÿâëÿåòñÿ ñóììîé íåñêîëüêèõ ïîëóíåïðåðûâíûõ ñíèçó, âûïóêëûõ,
ñîáñòâåííûõ, âîîáùå ãîâîðÿ, íåäèåðåíöèðóåìûõ óíêöèîíàëîâ. Óñòàíîâëåíû
ñâîéñòâà îïåðàòîðà, âõîäÿùåãî â ýòî óðàâíåíèå: îáðàòíàÿ ñèëüíàÿ ìîíîòîííîñòü,
êîýðöèòèâíîñòü, ÷òî äàëî âîçìîæíîñòü ïðèìåíèòü äëÿ äîêàçàòåëüñòâà òåîðåìû
ñóùåñòâîâàíèÿ èçâåñòíûå ðåçóëüòàòû òåîðèè ìîíîòîííûõ îïåðàòîðîâ (ñì., íàïðè-
ìåð, [2℄).
Îòìåòèì, ÷òî èñõîäíàÿ çàäà÷à ñîðìóëèðîâàíà îòíîñèòåëüíî ïîëåé äàâëå-
íèÿ è ñêîðîñòè èëüòðàöèè, â òî âðåìÿ êàê îáîáùåííàÿ çàäà÷à  îòíîñèòåëüíî
ïîëÿ äàâëåíèÿ. Òåì íå ìåíåå óñòàíîâëåíî ñóùåñòâîâàíèå ïîëÿ ñêîðîñòåé èëü-
òðàöèè, ïîñòðîåííîãî ñîãëàñíî ìíîãîçíà÷íîìó çàêîíó ïî ðåøåíèþ âàðèàöèîííîãî
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íåðàâåíñòâà, óäîâëåòâîðÿþùåãî óðàâíåíèþ íåðàçðûâíîñòè. Ïðè ýòîì îñòàåòñÿ îò-
êðûòûì âîïðîñ î ïîñòðîåíèè óêàçàííîãî ïîëÿ ñêîðîñòåé èëüòðàöèè íà ìíîæå-
ñòâàõ, ñîîòâåòñòâóþùèõ òî÷êàì ìíîãîçíà÷íîñòè â çàêîíå èëüòðàöèè.
Äëÿ ðåøåíèÿ âàðèàöèîííîãî íåðàâåíñòâà ïðåäëîæåí èòåðàöèîííûé ìåòîä ðàñ-
ùåïëåíèÿ, íå òðåáóþùèé îáðàùåíèÿ èñõîäíîãî îïåðàòîðà. àíåå (ñì. [3, 4℄) äëÿ
ðåøåíèÿ âàðèàöèîííûõ íåðàâåíñòâ âòîðîãî ðîäà ïðåäëàãàëñÿ ìåòîä ðàñùåïëåíèÿ.
Îñíîâíàÿ òðóäíîñòü ïðè åãî ðåàëèçàöèè ñîñòîÿëà â ðåøåíèè âîçíèêàþùåé íà êàæ-
äîì øàãå ìåòîäà çàäà÷è ìèíèìèçàöèè. Â ñëó÷àå îäíîñëîéíîãî ïëàñòà (êîãäà â
âàðèàöèîííîì íåðàâåíñòâå ïðèñóòñòâóåò ëèøü îäèí íåäèåðåíöèðóåìûé óíê-
öèîíàë) ýòà çàäà÷à ìèíèìèçàöèè áûëà ðåøåíà â [4℄ â ÿâíîì âèäå áëàãîäàðÿ òîìó,
÷òî óäàëîñü âû÷èñëèòü ñóáäèåðåíöèàë óíêöèîíàëà, ñîïðÿæåííîãî ê ìèíèìè-
çèðóåìîìó. Ýòîò ïðèåì áûë ïðèìåíåí è äëÿ ðàññìàòðèâàåìîé â íàñòîÿùåé ðàáîòå
çàäà÷è. Ïðè ýòîì êàæäûé øàã èòåðàöèîííîãî ïðîöåññà ñâîäèòñÿ àêòè÷åñêè ê îá-
ðàùåíèþ îïåðàòîðà Ëàïëàñà.
Èññëåäîâàíèå ñõîäèìîñòè èòåðàöèîííîãî ïðîöåññà óäàëîñü ïðîâåñòè áëàãîäàðÿ
ñâåäåíèþ åãî ê ìåòîäó ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé äëÿ îòûñêàíèÿ íåïîäâèæ-
íîé òî÷êè íåêîòîðîãî îïåðàòîðà (îïåðàòîðà ïåðåõîäà). Ïîëó÷åíà ñâÿçü ðåøåíèÿ
èñõîäíîãî âàðèàöèîííîãî íåðàâåíñòâà ñ êîìïîíåíòàìè íåïîäâèæíîé òî÷êè ýòîãî
îïåðàòîðà ïåðåõîäà. Äîêàçàíî, ÷òî îïåðàòîð ïåðåõîäà ÿâëÿåòñÿ íåðàñòÿãèâàþùèì,
ñâåðõ òîãî ïîëó÷åíî íåðàâåíñòâî, áîëåå ñèëüíîå, ÷åì íåðàâåíñòâî íåðàñòÿãèâàå-
ìîñòè. Óñòàíîâëåíî òàêæå, ÷òî îïåðàòîð ïåðåõîäà ÿâëÿåòñÿ àñèìïòîòè÷åñêè ðåãó-
ëÿðíûì. Ýòî è ïîçâîëèëî äîêàçàòü ñëàáóþ ñõîäèìîñòü ïîñëåäîâàòåëüíûõ ïðèáëè-
æåíèé.
Ñëåäóåò îòìåòèòü, ÷òî ïðåäëîæåííûé ìåòîä ïîçâîëÿåò íàõîäèòü ïðèáëèæåííûå
çíà÷åíèÿ íå òîëüêî ñàìîãî ðåøåíèÿ, íî è åãî õàðàêòåðèñòèê, äëÿ çàäà÷ èëüòðà-
öèè  ýòî ïðèáëèæåííûå çíà÷åíèÿ ãðàäèåíòà ðåøåíèÿ, à òàêæå ïðèáëèæåííûå
çíà÷åíèÿ ñêîðîñòåé èëüòðàöèè íà ìíîæåñòâàõ, ñîîòâåòñòâóþùèõ òî÷êàì ìíîãî-
çíà÷íîñòè â çàêîíå èëüòðàöèè, ÷òî âåñüìà ïîëåçíî ñ ïðàêòè÷åñêîé òî÷êè çðåíèÿ.
Îòìåòèì, ÷òî ê ðàññìàòðèâàåìîé çàäà÷å èëüòðàöèè ñâîäèòñÿ çàäà÷à îá îïðåäå-
ëåíèè ãðàíèö öåëèêîâ îñòàòî÷íîé âÿçêîïëàñòè÷íîé íåòè â ìíîãîñëîéíûõ ïëàñòàõ
(ñì., íàïðèìåð, [5℄).
2. Ïîñòàíîâêà çàäà÷è
àññìàòðèâàåòñÿ óñòàíîâèâøèéñÿ ïðîöåññ èëüòðàöèè íåñæèìàåìîé æèäêîñòè
â ïîðèñòîé ñðåäå. Ôèëüòðàöèÿ ïðîèñõîäèò â îáëàñòè Ω ⊂ Rn, n > 2, ñ ëèïøèö-
íåïðåðûâíîé ãðàíèöåé Γ = Γ1
⋃
Γ2 (Γ1
⋂
Γ2 = ∅ , mes Γ1 > 0) ïðè íàëè÷èè òî÷å÷-
íîãî èñòî÷íèêà èíòåíñèâíîñòè q â òî÷êå x∗ ∈ Ω è ïðî÷èõ âíåøíèõ èñòî÷íèêîâ,
ïëîòíîñòü êîòîðûõ õàðàêòåðèçóåòñÿ óíêöèåé f˜ . Ñ÷èòàåì, ÷òî íà Γ1 äàâëåíèå
ðàâíî íóëþ, íà Γ2 çàäàíî óñëîâèå íåïðîòåêàíèÿ.
Íåîáõîäèìî íàéòè ñòàöèîíàðíûå ïîëÿ äàâëåíèÿ u è ñêîðîñòè v æèäêîñòè, óäî-
âëåòâîðÿþùèå óðàâíåíèþ íåðàçðûâíîñòè
div v(x) = q δ(x− x∗) + f˜(x), x ∈ Ω, (1)
ãäå δ  äåëüòà-óíêöèÿ Äèðàêà, è ãðàíè÷íûì óñëîâèÿì
u(x) = 0, x ∈ Γ1, (v,n) = 0, x ∈ Γ2. (2)
Çäåñü n  åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê Γ2 , â ïðåäïîëîæåíèè, ÷òî æèä-
êîñòü ïîä÷èíÿåòñÿ ìíîãîçíà÷íîìó çàêîíó èëüòðàöèè (ñì., íàïðèìåð, [6, 7℄)
−v(x) ∈
g(|∇u(x)|)
|∇u(x)|
∇u(x), x ∈ Ω. (3)
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Ñ÷èòàåì, ÷òî ìíîãîçíà÷íàÿ óíêöèÿ g ìîæåò áûòü ïðåäñòàâëåíà â âèäå
g(ξ) = g0(ξ) +
m∑
j=1
ϑjH(ξ − βj), ξ ∈ R
1,
ãäå βj (ïðåäåëüíûé ãðàäèåíò) è ϑj  çàäàííûå íåîòðèöàòåëüíûå êîíñòàíòû, g0 
îäíîçíà÷íàÿ óíêöèÿ òàêàÿ, ÷òî
g0(ξ) =
{
0, ξ < β,
g∗(ξ − β), ξ > β,
(4)
g∗  íåïðåðûâíàÿ íåóáûâàþùàÿ óíêöèÿ, H  óíêöèÿ Õåâèñàéäà:
H(ξ) =

0, ξ < 0;
[ 0, 1 ], ξ = 0;
1, ξ > 0.
(5)
Ââåäåì óíêöèþ µ ïî îðìóëå
µ(ζ) =
{
0, ζ < 0;
ζ, ζ > 0.
(6)
Î÷åâèäíî, ÷òî ìíîæåñòâî H(ξ) ÿâëÿåòñÿ â òî÷êå ξ ñóáäèåðåíöèàëîì óíê-
öèè µ , òî åñòü
µ(ζ) − µ(ξ) > ξ∗(ζ − ξ) ∀ ξ∗ ∈ H(ξ), ∀ ζ ∈ R1. (7)
Îòíîñèòåëüíî óíêöèè g∗ : [0,+∞)→ R1 ïðåäïîëàãàþòñÿ âûïîëíåííûìè óñëî-
âèÿ
g∗(0) = 0, g∗(ξ) > g∗(ζ) ∀ ξ > ζ > 0, (8)
ñóùåñòâóþò òàêèå ïîñòîÿííûå k > 0, ξ∗ > 0, ÷òî
g∗(ξ∗) > kξ∗, g∗(ξ)− g∗(ζ) > k(ξ − ζ) ∀ ξ > ζ > ξ∗, (9)
ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ L > 0, ÷òî
| g∗(ξ)− g∗(ζ) | 6 L | ξ − ζ | ∀ ξ, ζ > 0. (10)
Îòìåòèì, ÷òî ê çàäà÷å (1)(3) ñâîäèòñÿ çàäà÷à îá îïðåäåëåíèè ãðàíèö öåëèêîâ
îñòàòî÷íîé âÿçêîïëàñòè÷íîé íåòè â ìíîãîñëîéíûõ ïëàñòàõ (ñì. [5, ñ. 135℄)
Îïðåäåëèì ïî óíêöèè g îïåðàòîð G : Rn → Rn ñëåäóþùèì îáðàçîì:
G(y) =

g0(|y|)
|y|
y, y 6= 0,
0, y = 0.
(11)
Ïåðåéäåì òåïåðü ê âàðèàöèîííîé îðìóëèðîâêå çàäà÷è (1)(3). Ïóñòü u è v 
ðåøåíèå ýòîé çàäà÷è. Ñîîòíîøåíèå (3) îçíà÷àåò, ÷òî
v(x) = −g0(|∇u(x)|)
∇u(x)
|∇u(x)|
+
m∑
j=1
θj(x)
|∇u(x)|
∇u(x) = −G(∇u(x))−
m∑
j=1
θj(x)
|∇u(x)|
∇u(x),
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ãäå
θj(x) ∈ ϑj H(|∇u(x)| − βj), j = 1, 2, . . . ,m.
Ïóñòü
C
∞
Γ1(Ω) =
{
η ∈ C
∞
(Ω) : η(x) = 0, x ∈ Γ1
}
.
Ïîñêîëüêó
−
∫
Ω
div v(x)η(x) dx =
∫
Ω
δ(x− x∗)η(x) dx +
∫
Ω
f˜(x) η(x) dx =
= q η(x∗) +
∫
Ω
f˜(x) η(x) dx ∀ η ∈ C
∞
Γ1(Ω), (12)
òî ñ ó÷åòîì (2), (11) ïî àíàëîãèè ñ [8, 9℄ èìååì, ÷òî
q η(x∗) +
∫
Ω
f˜(x)η(x) dx 6
∫
Ω
(
G(∇u(x)),∇η(x)
)
dx +
+
m∑
j=1
ϑj
∫
Ω
[
µ(|∇(η(x) + u(x))| − βj)− µ(|∇u(x)| − βj)
]
dx =
=
∫
Ω
(
G(∇u(x)),∇η(x)
)
dx+
m∑
j=1
Fj(η + u)−
m∑
j=1
Fj(u) ∀ η ∈ C
∞
Γ1(Ω), (13)
ãäå
Fj(η) = ϑj
∫
Ω
µ(|∇η(x)| − βj) dx. (14)
Òàêèì îáðàçîì, ìû óñòàíîâèëè, ÷òî åñëè óíêöèè u, v óäîâëåòâîðÿþò ñîîò-
íîøåíèÿì (1)(3), òî u óäîâëåòâîðÿåò íåðàâåíñòâó (13). Â ñâÿçè ñ ýòèì ïðèâåäåì
ñëåäóþùóþ âàðèàöèîííóþ îðìóëèðîâêó ðàññìàòðèâàåìîé çàäà÷è èëüòðàöèè.
Ïîä ðåøåíèåì ñòàöèîíàðíîé çàäà÷è èëüòðàöèè íåñæèìàåìîé æèäêîñòè, ïîä-
÷èíÿþùåéñÿ ìíîãîçíà÷íîìó çàêîíó èëüòðàöèè ñ ïðåäåëüíûì ãðàäèåíòîì ïðè
íàëè÷èè òî÷å÷íîãî èñòî÷íèêà èíòåíñèâíîñòè q, áóäåì ïîíèìàòü óíêöèþ (ïîëå
äàâëåíèÿ) u ∈ V1 =
{
η ∈W
(1)
1 (Ω) : η(x) = 0, x ∈ Γ1
}
, ÿâëÿþùóþñÿ ðåøåíèåì
âàðèàöèîííîãî íåðàâåíñòâà
∫
Ω
(
G(∇u(x)),∇η(x)
)
dx+
m∑
j=1
Fj(η + u)−
m∑
j=1
Fj(u) >
> q η(x∗) +
∫
Ω
f˜(x) η(x) dx ∀ η ∈ C
∞
Γ1(Ω). (15)
Íèæå áóäåò äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ ðåøåíèÿ u âàðèàöèîííîãî íåðà-
âåíñòâà (15), à òàêæå óñòàíîâëåíî ñóùåñòâîâàíèå ïîëÿ ñêîðîñòè v, ïîñòðîåííîãî
ïî u ñîãëàñíî (3) è òàêîãî, ÷òî ïðè äîñòàòî÷íîé ãëàäêîñòè v óíêöèè u è v
ÿâëÿþòñÿ ðåøåíèåì çàäà÷è (1), (2).
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3. Ñóùåñòâîâàíèå îáîáùåííîãî ðåøåíèÿ
Ïðè èññëåäîâàíèè ðàçðåøèìîñòè âàðèàöèîííîãî íåðàâåíñòâà (15) íàì ïîòðå-
áóåòñÿ ñëåäóþùàÿ âñïîìîãàòåëüíàÿ çàäà÷à: íàéòè óíêöèþ wr ∈
◦
W
(1)
1 (Br) òà-
êóþ, ÷òî ∫
Br
(
G(∇wr(x)),∇η(x)
)
dx = q η(x∗) ∀ η ∈ C∞0 (Br), (16)
ãäå Br = {x ∈ Rn : |x− x∗| < r} ,
Çàïèøåì â ñîîòâåòñòâèè ñ [10, 11℄ ÿâíîå âûðàæåíèå äëÿ ðåøåíèÿ çàäà÷è (16).
Äëÿ ýòîãî ââåäåì îáðàòíóþ ê g∗ óíêöèþ h∗. Èç óñëîâèé (8)(10) ñëåäóåò, ÷òî
òàêàÿ óíêöèÿ ñóùåñòâóåò è ÿâëÿåòñÿ íåïðåðûâíîé. Îïðåäåëèì òåïåðü óíêöèþ
h(ξ) = h∗(ξ) + ξ∗, (17)
à òàêæå óíêöèþ pr : (0, r]→ R1 â ñëåäóþùåì âèäå
pr(s) =
r∫
s
h
(
q
σ1 ξn−1
)
dξ, σ1 = mesS1, S1 = {x ∈ R
n : |x− x∗| = 1} . (18)
Òîãäà óíêöèÿ wr : Br → R1, çàäàâàåìàÿ âûðàæåíèåì wr(x) = pr(|x− x∗|), ÿâëÿ-
åòñÿ ðåøåíèåì çàäà÷è (16). Ïðè ýòîì ñïðàâåäëèâà îöåíêà
|∇wr(x)| 6
q
σ1k|x− x∗|n−1
+ 2 ξ∗. (19)
Âûáåðåì r äîñòàòî÷íî áîëüøèì òàê, ÷òîáû âûïîëíÿëîñü âêëþ÷åíèå Ω ⊆ Br.
Ïîñêîëüêó òî÷êà x∗ ÿâëÿåòñÿ âíóòðåííåé äëÿ Ω, òî íàéäåòñÿ òàêîå ε > 0, ÷òî Γ ⊂
⊂ Br \Bε. Èç íåðàâåíñòâà (19) ñëåäóåò, ÷òî wr ∈ W
(1)
2 (Br \Bε), è, òàêèì îáðàçîì,
íàéäåòñÿ óíêöèÿ wΓ ∈ W
(1)
2 (Ω), äëÿ êîòîðîé âûïîëíåíî óñëîâèå
wΓ(x) = −wr(x), x ∈ Γ1. (20)
Ââåäåì ïðîñòðàíñòâà Y =
[
L2(Ω)
]n
, V =
{
η ∈W
(1)
2 (Ω) : η(x) = 0, x ∈ Γ1
}
.
åøåíèå çàäà÷è (15) áóäåì èñêàòü â âèäå u = wr + wΓ + w, ãäå w ∈ V 
íåèçâåñòíàÿ óíêöèÿ. Ïîñêîëüêó C
∞
Γ1(Ω) ⊆ C
∞
0 (Br) , òî ñ ó÷åòîì (16) çàäà÷à (15)
ñâîäèòñÿ ê ñëåäóþùåé: íàéòè óíêöèþ w ∈ V òàêóþ, ÷òî∫
Ω
(G(∇(wr + wΓ + w)) −G(∇wr),∇(w + η)−∇w) dx +
+
m∑
j=1
Fj(wr + wΓ + w + η)−
m∑
j=1
Fj(wr + wΓ + w) >
>
∫
Ω
f˜(x) η(x) dx ∀ η ∈ C
∞
Γ1(Ω). (21)
Ââåäåì òåïåðü óíêöèîíàë Ψj : V → R1 :
Ψj(ξ) = ϑj
∫
Ω
µ(|∇wr +∇wΓ + ξ| − βj) dx, (22)
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îïåðàòîð Λ : V →
[
L1(Ω)
]n
:
Λu = ∇u, (23)
ýëåìåíò f ∈ V :
(f, η)V =
∫
Ω
f˜(x) η(x) dx ∀ η ∈ V
è îðìó a : V × V → R1 :
a(w, η) =
∫
Ω
(G(∇wr +∇wΓ +∇w) −G(∇wr),∇η) dx w, η ∈ V. (24)
Â [11℄ äîêàçàíî, ÷òî îðìà a íåïðåðûâíà è ëèíåéíà ïî âòîðîìó àðãóìåíòó, ñëåäî-
âàòåëüíî, îíà ïîðîæäàåò îïåðàòîð A : V → V :
(Aw, η)V = a(w, η) ∀w, η ∈ V. (25)
Â ðàáîòå [11℄ äîêàçàíà
Ëåììà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (8)(10). Òîãäà îïåðàòîð A , îïðåäåëåí-
íûé ñ ïîìîùüþ (25), ÿâëÿåòñÿ îáðàòíî ñèëüíî ìîíîòîííûì ñ êîíñòàíòîé 1/L >
> 0 è êîýðöèòèâíûì.
Çàäà÷à (21) çàïèøåòñÿ â âèäå âàðèàöèîííîãî íåðàâåíñòâà
(Aw − f, η − w)V +
m∑
j=1
Ψj(Λη)−
m∑
j=1
Ψj(Λw) > 0 ∀ η ∈ V . (26)
Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (8)(10). Òîãäà:
1) çàäà÷à (26) èìååò ïî êðàéíåé ìåðå îäíî ðåøåíèå w;
2) ìíîæåñòâî ðåøåíèé çàäà÷è (26) âûïóêëî è çàìêíóòî â V ;
Äîêàçàòåëüñòâî. Ñëåäóÿ [8℄, íåòðóäíî ïðîâåðèòü, ÷òî óíêöèîíàëû Ψj ÿâ-
ëÿþòñÿ ëèïøèö-íåïðåðûâíûìè, âûïóêëûìè, à çíà÷èò, ñëàáî ïîëóíåïðåðûâíûìè
ñíèçó. Èç ëåììû 1 âûòåêàåò ìîíîòîííîñòü, ëèïøèö-íåïðåðûâíîñòü, ñëåäîâàòåëü-
íî, ïñåâäîìîíîòîííîñòü (ñì. ïðåäëîæåíèå 2.5 [2, ñ. 191℄) è êîýðöèòèâíîñòü îïåðà-
òîðà T. Ïîýòîìó ñóùåñòâîâàíèå ðåøåíèÿ âàðèàöèîííîãî íåðàâåíñòâà (26) ñëåäóåò
èç òåîðåìû 8.5 [2, ñ. 265℄.
Âûïóêëîñòü è çàìêíóòîñòü ìíîæåñòâà ðåøåíèé çàäà÷è (26), ñëåäîâàòåëüíî, è
çàäà÷è (21) óñòàíàâëèâàþòñÿ ñòàíäàðòíûì îáðàçîì.
Ëåììà 2. Ïóñòü äàíû óíêöèè ξ, ζ : Ω→ Rn è ϕ : [0; +∞)→ [0; +∞) òàêàÿ,
÷òî ϕ(x) = 0 ïðè x 6 α è ϕ(x)x âîçðàñòàåò ïðè x > α .
Îïðåäåëèì óíêöèþ H : Rn × Rn → R
H(p, q) =
(
ϕ(|p|)p− ϕ(|q|)q, p − q
)
è ïóñòü H
(
ξ(x), ζ(x)
)
= 0 ïðè x ∈ Ω∗ ⊂ Ω .
Òîãäà äëÿ ëþáîãî β > α
{x ∈ Ω∗ : |ξ(x)| > β} = {x ∈ Ω∗ : |ζ(x)| > β}. (27)
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Äîêàçàòåëüñòâî. Èñïîëüçóÿ ëåììó 1 èç [13℄, èìååì:
Åñëè |ξ(x)| > β > α , òî ξ(x) = ζ(x) . Òîãäà |ζ(x)| = |ξ(x)| > β ;
Åñëè α < |ξ(x)| 6 β , òî ξ(x) = ζ(x) . Òîãäà |ζ(x)| = |ξ(x)| 6 β ;
Åñëè |ξ(x)| 6 α , òî |ζ(x)| 6 α 6 β .
àâåíñòâî (27) äîêàçàíî.
Òåîðåìà 2. Äëÿ ëþáûõ ðåøåíèé w1, w2 çàäà÷è (26) ñïðàâåäëèâû ñîîòíîøåíèÿ
G(∇(wr + wΓ + w1)) = G(∇(wr + wΓ + w2)) ïî÷òè âñþäó, (28)
Ω+j(u1) = Ω
+
j(u2) = Ω
∗
ñ òî÷íîñòüþ äî ìíîæåñòâà íóëåâîé ìåðû, (29)
ãäå
Ω+j(η) = {x ∈ Ω : |∇η(x)| > βj}, j = 1, 2, . . . ,m;
ui = wr + wΓ + wi, i = 1, 2.
Äîêàçàòåëüñòâî. Ïóñòü w1 è w2  äâà ðåøåíèÿ çàäà÷è (26), òî åñòü
(Aw1 − f, η − w1)V +
m∑
j=1
Ψj(Λη)−
m∑
j=1
Ψj(Λw1) > 0 ∀ η ∈ V,
(Aw2 − f, η − w2)V +
m∑
j=1
Ψj(Λη)−
m∑
j=1
Ψj(Λw2) > 0 ∀ η ∈ V.
Ïîëàãàÿ η = w2 â ïåðâîì èç ýòèõ íåðàâåíñòâ è η = w1 âî âòîðîì, à çàòåì
ñêëàäûâàÿ, ïîëó÷àåì: (Aw2 − Aw1, w2 − w1)V 6 0 , îòêóäà â ñèëó ìîíîòîííîñòè
îïåðàòîðà A ñëåäóåò, ÷òî ÷òî (Aw2 −Aw1, w2 − w1)V = 0.
Ñëåäóÿ [12℄, íåòðóäíî ïðîâåðèòü, ÷òî ïðè âûïîëíåíèè óñëîâèé (8)(10) îïåðà-
òîð G, îïðåäåëåííûé îðìóëîé (11), óäîâëåòâîðÿåò óñëîâèþ
|Gy −Gz|2 6 L (Gy −Gz, y − z) ∀ y, z ∈ Rn. (30)
Ñ ó÷åòîì (30) èìååì, ÷òî
0 =
∫
Ω
(
G(∇wr +∇wΓ +∇w2)−G(∇wr +∇wΓ +∇w1),∇w2 −∇w1
)
dx >
>
1
L
∫
Ω
∣∣∣G(∇(wr + wΓ + w2))−G(∇(wr + wΓ + w1)) ∣∣∣ 2 dx, (31)
îòêóäà íåìåäëåííî ñëåäóåò (28).
Â ñèëó ïåðâîé ÷àñòè ëåììû 1 [13℄(
G(∇wr +∇wΓ +∇w2)−G(∇wr +∇wΓ +∇w1),∇w2 −∇w1
)
> 0.
Ñ ó÷åòîì (31) ïîëó÷àåì, ÷òî ïî÷òè âñþäó(
G(∇wr +∇wΓ +∇w2)−G(∇wr +∇wΓ +∇w1),∇w2 −∇w1
)
= 0.
Â ñèëó ëåììû 2 ïîëó÷àåì (29).
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Òåîðåìà 3. Ïóñòü w  ðåøåíèå çàäà÷è (21), wr  ðåøåíèå çàäà÷è (16), wΓ 
ïðîèçâîëüíàÿ óíêöèÿ èç W
(1)
2 (Ω), óäîâëåòâîðÿþùàÿ ñîîòíîøåíèþ (20), u = wr+
+ wΓ + w. Òîãäà ñóùåñòâóåò óíêöèÿ v òàêàÿ, ÷òî èìåþò ìåñòî ñîîòíîøå-
íèÿ (3) è ∫
Ω
f˜(x) η(x) dx + q η(x∗) =
∫
Ω
(v(x),∇η(x)) dx ∀ η ∈ C∞0 (Ω).
Äîêàçàòåëüñòâî. Íåðàâåíñòâî (26) ýêâèâàëåíòíî âêëþ÷åíèþ
f −Aw ∈ ∂
m∑
j=1
(
Φj(Λw)
)
.
Â ñèëó ëåììû 3 [13℄ óíêöèîíàë Φj âñþäó íåïðåðûâåí, çíà÷èò
∂
(
Φj(Λw)
)
= Λ∗∂Φj(Λw).
Ïîëüçóÿñü ïðåäñòàâëåíèåì ∂Φj , äàííûì â òîé æå ëåììå, ïîëó÷àåì
f −Aw =
m∑
j=1
Λ∗
(
θj∇u
|∇u|
)
∫
Ω
f˜ η dx −
∫
Ω
(
G(∇wr +∇wΓ +∇w −G(∇wr),∇η
)
dx =
=
m∑
j=1
∫
Ω
(
θj∇u
|∇u|
)
dx ∀η ∈ C
∞
Γ1(Ω),
÷òî ñ ó÷åòîì (16) ïðèâîäèò ê ðàâåíñòâó∫
Ω
(
g0(|∇u(x)|) +
∑m
j=1 θj(x)
|∇u(x)|
∇u(x),∇η(x)
)
dx =
=
∫
Ω
(
qδ(x− x∗) + f˜(x)
)
η(x) dx ∀η ∈ C
∞
Γ1(Ω),
èç êîòîðîãî è ñëåäóåò òðåáóåìûé ðåçóëüòàò, ïðè÷åì
v(x) = −
g0(|∇u(x)|) +
∑m
j=1 θj(x)
|∇u(x)|∇u(x).
4. Èòåðàöèîííûé ìåòîä
Â íàñòîÿùåì ïàðàãðàå ìû ñòðîèì èòåðàöèîííûé ìåòîä äëÿ ðåøåíèÿ àáñòðàêò-
íîãî ñìåøàííîãî âàðèàöèîííîãî íåðàâåíñòâà ñ îáðàòíî ñèëüíî ìîíîòîííûì îïåðà-
òîðîì, ÷àñòíûì ñëó÷àåì êîòîðîãî ÿâëÿåòñÿ âàðèàöèîííîå íåðàâåíñòâî (26).
Ïóñòü V , Y  ãèëüáåðòîâû ïðîñòðàíñòâà, Λ : V → Y  ëèíåéíûé íåïðåðûâíûé
îïåðàòîð òàêîé, ÷òî
Λ∗Λ = IdV , (32)
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Pj : Y → R
1
, j = 1, 2, . . . ,m ,  ñîáñòâåííûå âûïóêëûå ïîëóíåïðåðûâíûå ñíèçó
óíêöèîíàëû, A : V → V  îáðàòíî ñèëüíî ìîíîòîííûé îïåðàòîð, f ∈ V  çàäàí-
íûé ýëåìåíò.
Èùåì ðåøåíèå âàðèàöèîííîãî íåðàâåíñòâà
(
Au− f, η − u
)
V
+
m∑
j=1
Pj(Λη)−
m∑
j=1
Pj(Λu) > 0 ∀ η ∈ V. (33)
Ââåäåì ïðîñòðàíñòâî Q = V ×Y m×Y m . Äëÿ åãî ýëåìåíòîâ áóäåì èñïîëüçîâàòü
çàïèñü (q1, q21, . . . , q2m, q31, . . . , q3m) .
Çàäàäèì ïðîèçâîëüíî íàáîð ÷èñåë:
τ > 0, (34)
rj > 0. (35)
åøåíèå âàðèàöèîííîãî íåðàâåíñòâà (33) áóäåì èñêàòü ñ ïîìîùüþ èòåðàöèîííîãî
ïðîöåññà. Åãî îïåðàòîð ïåðåõîäà T : Q→ Q çàäàäèì ðàâåíñòâàìè:
T1q = q1 − τ
(
Aq1 − f + Λ∗
∑m
j=1 q3j +
∑m
j=1 rj (q1 − Λ
∗q2j)
)
;
T2j q = Prox{Pj/rj}
(
ΛT1q + rj
−1q3j
)
, j = 1, 2, . . . ,m;
T3j q = q3j + rj (ΛT1q − T2j q) , j = 1, 2, . . . ,m.
Çäåñü ProxΨ : Y → Y  ïðîêñèìàëüíîå îòîáðàæåíèå ( [15, ñ. 48℄), êîòîðîå ñòà-
âèò â ñîîòâåòñòâèå âåêòîðó p ∈ Y ýëåìåíò Prox = PΨ(p) , ÿâëÿþùèéñÿ ðåøåíèåì
âàðèàöèîííîãî íåðàâåíñòâà
(w − p, s− w)Y +Ψ(s)−Ψ(w) ≥ 0 ∀ s ∈ Y. (36)
Íåòðóäíî ïðîâåðèòü, ÷òî (ñð. ñ Ïðåäëîæåíèåì 2.1 [16, ñ. 285℄) ïðîêñèìàëüíîå îò-
áðàæåíèå ÿâëÿåòñÿ æåñòêî íåðàñòÿãèâàþùèì, òî åñòü
‖ProxΨ(p)− ProxΨ(s) ‖
2
Y ≤ ( ProxΨ(p)− ProxΨ(s) , p− s )Y ∀ p, s ∈ Y. (37)
Òåîðåìà 4. Òî÷êà q = (u, yj, λj) ÿâëÿåòñÿ íåïîäâèæíîé òî÷êîé îïåðàòîðà T
òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
Au− f + Λ∗
m∑
j=1
λj = 0; (38)
λj ∈ ∂Pj(Λu), j = 1, 2, . . . ,m; (39)
yj = Λu, j = 1, 2, . . . ,m. (40)
Äîêàçàòåëüñòâî. Ïóñòü q = (u, y1, . . . , ym, λ1, . . . , λm)  íåïîäâèæíàÿ òî÷êà
îïåðàòîðà T , òî åñòü:
u = u− τ
(
Au− f + Λ∗
m∑
j=1
λj +
m∑
j=1
rj (u− Λ
∗yj)
)
; (41)
yj = Prox{Pj/rj}
(
Λu+ rj
−1λj
)
, j = 1, 2, . . . ,m; (42)
λj = λj + rj (Λu− yj) , j = 1, 2, . . . ,m. (43)
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àâåíñòâî (43) â ñèëó (35) ýêâèâàëåíòíî (40).
àâåíñòâî (41) â ñèëó (34) ïðåîáðàçóåòñÿ ñíà÷àëà ê âèäó
Au− f + Λ∗
m∑
j=1
λj +
m∑
j=1
rj (u− Λ
∗yj) = 0,
çàòåì â ñèëó (32) ê âèäó
Au− f + Λ∗
( m∑
j=1
λj +
m∑
j=1
rj (Λu− yj)
)
= 0,
îòêóäà ñ ó÷åòîì (40) ïîëó÷èì (38), çíà÷èò, (41) ýêâèâàëåíòíî (38).
àâåíñòâà (42) çàïèøåì â âèäå âàðèàöèîííûõ íåðàâåíñòâ:(
yj − Λu− rj
−1λj , z − yj
)
Y
+ rj
−1 (Pj(z)− Pj(yj)) > 0 ∀ z ∈ Y,
îòêóäà, ïðèìåíèâ (40) è óìíîæèâ íà rj , ïîëó÷èì(
−λj , z − Λu
)
Y
+ Pj(z)− Pj(Λu) > 0 ∀ z ∈ Y,
÷òî â òåðìèíàõ ñóáäèåðåíöèàëüíîãî èñ÷èñëåíèÿ çàïèñûâàåòñÿ â âèäå (39).
Òàêèì îáðàçîì, (42) ýêâèâàëåíòíî (39).
Ñëåäñòâèå 1. Åñëè òî÷êà q = (u, y1, . . . , ym, λ1, . . . , λm) ÿâëÿåòñÿ íåïîäâèæ-
íîé òî÷êîé îïåðàòîðà T , òî êîìïîíåíòà u åñòü ðåøåíèå âàðèàöèîííîãî íåðà-
âåíñòâà (33).
Äîêàçàòåëüñòâî. Â ñèëó òåîðåìû 4 èìååì, ÷òî ñïðàâåäëèâû ñîîòíîøåíèÿ
(38), (39). Èç (38), î÷åâèäíî, ñëåäóåò, ÷òî
(
Au− f + Λ∗
m∑
j=1
λj , η − u
)
Y
= 0 ∀ η ∈ Y. (44)
Ïîëîæèâ â (39) z = Λη , ïîëó÷èì(
−λj , Lη − Λu
)
Y
+ Pj(Λη)− Pj(Λu) > 0 ∀ η ∈ Y.
Ê ïåðâîìó ñëàãàåìîìó ïðàâîé ÷àñòè ïðèìåíèì îïðåäåëåíèå ñîïðÿæåííîãî îïå-
ðàòîðà: (
−Λ∗λj , η − u
)
Y
+ (Pj(Λη)− Pj(Λu)) > 0 ∀ η ∈ Y. (45)
Ñêëàäûâàÿ (44), (45), ïîëó÷èì, ÷òî u óäîâëåòâîðÿåò íåðàâåíñòâó (33).
Ñëåäñòâèå 2. Ïóñòü ñóùåñòâóåò ðåøåíèå âàðèàöèîííîãî íåðàâåíñòâà (33) è
âûïîëíåíî óñëîâèå:
∃ y˜ ∈
m⋂
k=1
domGk : lim
y→y˜
Pj(y) = Pj(y˜), j = 1, 2, . . . ,m. (46)
Òîãäà ñóùåñòâóåò íåïîäâèæíàÿ òî÷êà îïåðàòîðà T .
Äîêàçàòåëüñòâî. Ïóñòü u  ðåøåíèå (33). Íåðàâåíñòâî (33) ìîæíî çàïèñàòü
â âèäå âêëþ÷åíèÿ:
f −Au ∈ ∂
( m∑
j=1
Pj Λ
)
(u).
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Â ñèëó (46) âûïîëíåíû óñëîâèÿ òåîðåì î ñóáäèåðåíöèðîâàíèè ñëîæíîé
óíêöèè è ñóììû óíêöèé [15, ñ. 3537, ïðåäëîæåíèÿ 5.6, 5.7℄, ñëåäîâàòåëüíî,
∂
( m∑
j=1
Pj Λ
)
(u) =
m∑
j=1
∂ (Pj Λ) (u) =
m∑
j=1
Λ∗∂Pj (Λu) = Λ
∗
m∑
j=1
∂Pj (Λu).
Èòàê, íàéäóòñÿ λj ∈ ∂Pj (Λu) òàêèå, ÷òî
f −Au = Λ∗
m∑
j=1
λj ,
ñëåäîâàòåëüíî, âûïîëíåíû óñëîâèÿ (38), (39).
Îïðåäåëèì yj ïî îðìóëå (40).
Ïî òåîðåìå 4 ïîëó÷àåì, ÷òî òî÷êà (u, y1, . . . , ym, λ1, . . . , λm) åñòü íåïîäâèæíàÿ
òî÷êà îïåðàòîðà T .
Òåîðåìà 5. Ïóñòü A : V → V  îáðàòíî ñèëüíî ìîíîòîííûé îïåðàòîð ñ
êîíñòàíòîé σ > 0 :(
Au−Av, u− v
)
V
>
∥∥Au−Av∥∥2
V
∀u, v ∈ V. (47)
Òîãäà âûïîëíÿåòñÿ ñëåäóþùåå íåðàâåíñòâî:
(
τ−1 −
m∑
j=1
rj
)∥∥T1q − T1p∥∥2 + m∑
j=1
rj
∥∥T2j q − T2j p∥∥2 + m∑
j=1
rj
−1
∥∥T3j q − T3j p∥∥2 +
+ δ (Aq1 −Ap1, q1 − p1) +
1
τε
∥∥(Sq1 − Sp1)− ε (T1q − T1p)∥∥2 +
1mm] +
m∑
j=1
rj
∥∥(q2j − ΛT1q)− (p2j − ΛT1p)∥∥2 6 (τ−1 − m∑
j=1
rj
)∥∥q1 − p1∥∥2 +
+
m∑
j=1
rj
∥∥q2j − p2j∥∥2 + m∑
j=1
rj
−1
∥∥q3j − p3j∥∥2. (48)
Çäåñü êîíñòàíòû ε , δ è îïåðàòîð S : V → V îïðåäåëÿþòñÿ ïî îðìóëàì:
ε = 1− τ
m∑
j=1
rj , (49)
δ = 2−
τ
σ
(
1− τ
m∑
j=1
rj
) , (50)
Sη =
(
1− τ
m∑
j=1
rj
)
η − τ (Aη − f) . (51)
Äîêàçàòåëüñòâî. Îïåðàòîð T1 ìîæíî çàïèñàòü â âèäå:
T1q = Sq1 − τΛ
∗
( m∑
j=1
(q3j − rj q2j)
)
.
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Èñïîëüçóÿ íåðàâåíñòâî (47), ïîëó÷èì:
∥∥Sq1−Sp1∥∥2 = (1− τ m∑
j=1
rj
)2∥∥ q1− p1 ∥∥2− 2τ(1− τ m∑
j=1
rj
)(
Aq1−Ap1, q1− p1
)
+
+ τ2
∥∥Aq1 −Ap1∥∥2 6 (1− τ m∑
j=1
rj
)2∥∥ q1 − p1 ∥∥2 −
− τ
(
2− 2τ
m∑
j=1
rj −
τ
σ
)(
Aq1 −Ap1, q1 − p1
)
. (52)
Íåòðóäíî ïðîâåðèòü, ÷òî ñïðàâåäëèâî òîæäåñòâî(
a, b
)
V
=
1
2ε
∥∥a∥∥2
V
−
1
2ε
∥∥a− εb∥∥2
V
+
ε
2
∥∥b∥∥2
V
, a, b ∈ V, ε ∈ R. (53)
Èñïîëüçóÿ òîæäåñòâî (53) è îöåíêó (52), ïîëó÷èì:
(
T1q − T1p, Sq1 − Sp1
)
=
1
2ε
∥∥Sq1 − Sp1 ∥∥2 + ε
2
∥∥T1q − T1p ∥∥2 −
−
1
2ε
∥∥(Sq1 − Sp1)− ε (T1q − T1p)∥∥2 6 1
2ε
(
1− τ
m∑
j=1
rj
)2∥∥ q1 − p1 ∥∥2 −
−
τ
2ε
(
2− 2τ
m∑
j=1
rj −
τ
σ
)
(Aq1 −Ap1, q1 − p1) +
+
ε
2
∥∥T1q − T1p ∥∥2 − 1
2ε
∥∥(Sq1 − Sp1)− ε (T1q − T1p)∥∥2 =
=
1
2
(
1− τ
m∑
j=1
rj
)∥∥ q1 − p1 ∥∥2 − τδ
2
(
Aq1 −Ap1, q1 − p1
)
+
+
1
2
(
1− τ
m∑
j=1
rj
)∥∥T1q − T1p ∥∥2 − 1
2ε
∥∥(Sq1 − Sp1)− ε (T1q − T1p)∥∥2,
îòêóäà èìååì:
∥∥T1q−T1p ∥∥2 = (T1q−T1p, (Sq1−Sp1)−τΛ∗( m∑
j=1
(q3j − p3j)−
m∑
j=1
rj (q2j − p2j)
))
=
= (T1q − T1p, Sq1 − Sp1)− τ
m∑
j=1
(Λ (T1q − T1p) , q3j − p3j) +
+ τ
m∑
j=1
rj (Λ (T1q − T1p) , q2j − p2j) 6
6
1
2
(
1− τ
m∑
j=1
rj
)∥∥ q1 − p1 ∥∥2 − τδ
2
(Aq1 −Ap1, q1 − p1) +
+
1
2
(
1− τ
m∑
j=1
rj
)∥∥T1q − T1p ∥∥2 − 1
2ε
∥∥(Sq1 − Sp1)− ε (T1q − T1p)∥∥2 −
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− τ
m∑
j=1
(Λ (T1q − T1p) , q3j − p3j) + τ
m∑
j=1
rj (Λ (T1q − T1p) , q2j − p2j) .
Óìíîæèì ýòî íåðàâåíñòâî íà 2/τ è ïðèìåíèì (53) ñ ε = 1 , a = q2 − p2 ,
b = Λ (T1q − T1p) :
2
τ
∥∥T1q − T1p∥∥2 6 (1
τ
−
m∑
j=1
rj
)∥∥q1 − p1∥∥2 − δ (Aq1 −Ap1, q1 − p1) +
+
(1
τ
−
m∑
j=1
rj
)∥∥T1q − T1p∥∥2 − 1
τε
∥∥(Sq1 − Sp1)− ε (T1q − T1p)∥∥2 −
− 2
m∑
j=1
(L (T1q − T1p) , q3j − p3j) + 2
m∑
j=1
rj (L (T1q − T1p) , q2j − p2j) =
=
(1
τ
−
m∑
j=1
rj
)∥∥ q1 − p1 ∥∥2 − δ (Aq1 −Ap1, q1 − p1) +
+
(1
τ
−
m∑
j=1
rj
)∥∥T1q − T1p ∥∥2 − 1
τε
∥∥(Sq1 − Sp1)− ε (T1q − T1p)∥∥2 −
− 2
m∑
j=1
(Λ (T1q − T1p) , q3j − p3j)−
m∑
j=1
rj
∥∥(q2j − ΛT1q)− (p2j − ΛT1p)∥∥2 +
+
m∑
j=1
rj
∥∥q2j − p2j∥∥2 + m∑
j=1
rj
∥∥T1q − T1p∥∥2. (54)
Ïîñëå íåñëîæíûõ ïðåîáðàçîâàíèé èç (4.) ïîëó÷àåì, ÷òî
1
τ
∥∥T1q − T1p ∥∥2 + δ (Aq1 −Ap1, q1 − p1) + 1
τε
∥∥(Sq1 − Sp1)− ε (T1q − T1p)∥∥2 +
+
m∑
j=1
rj
∥∥(q2j − ΛT1q)−(p2j − ΛT1p)∥∥2 6 (1
τ
−
m∑
j=1
rj
)∥∥q1−p1∥∥2+ m∑
j=1
rj
∥∥(q2j − p2j)∥∥2 −
− 2
m∑
j=1
(Λ (T1q − T1p) , q3j − p3j) . (55)
Ïðîêñèìàëüíîå îòîáðàæåíèå ÿâëÿåòñÿ æåñòêî íåðàñòÿãèâàþùèì, ïîýòîìó:
rj
∥∥T2j q − T2j p∥∥2 6 rj (Λ (T1q − T1p) , T2j q − T2j p) + (q3j − p3j , T2jq − T2jp) . (56)
Íàêîíåö, èç îïðåäåëåíèÿ îïåðàòîðà T3j ñëåäóåò, ÷òî
rj
−1
∥∥T3jq − T3jp∥∥2 = rj−1∥∥ q3j − p3j ∥∥2 + 2 (q3j − p3j ,Λ (T1q − T1p)) −
− 2 (q3j − p3j , T2j q − T2j p) + rj
∥∥Λ (T1q − T1p)∥∥2 −
− 2rj (Λ (T1q − T1p) , T2j q − T2j p) +
∥∥T2j q − T2j p ∥∥2 6
6 rj
−1
∥∥ q3j − p3j ∥∥2 + 2 (q3j − p3j ,Λ (T1q − T1p)) −
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− (q3j − p3j , T2j q − T2j p) + rj
∥∥T1q − T1p ∥∥2 −
− rj (Λ (T1q − T1p) , T2j q − T2j p) . (57)
Ñóììèðóÿ òåïåðü (55)(57), ïîëó÷èì (48).
Ïóñòü òåïåðü ε > 0 , ãäå ε çàäàåòñÿ îðìóëîé (49).
Ââåäåì â ïðîñòðàíñòâå Q = V × Y n × Y n ñêàëÿðíîå ïðîèçâåäåíèå ïî îðìóëå:
(
q, p
)
Q
=
(1
τ
−
m∑
j=1
rj
)(
q1, p1
)
V
+
m∑
j=1
rj
(
q2j , p2j
)
Y
+
m∑
j=1
r−1j
(
q3j , p3j
)
Y
.
Èñïîëüçóÿ ýòî îïðåäåëåíèå, çàïèøåì íåðàâåíñòâî (48) â âèäå:
∥∥Tq − Tp ∥∥2
Q
+ δ (Aq1 −Ap1, q1 − p1)V +
1
τε
∥∥(Sq1 − Sp1)− ε (T1q − T1p)∥∥2V +
+
m∑
j=1
rj
∥∥(q2j − ΛT1q)− (p2j − ΛT1p)∥∥2Y 6 ∥∥ q − p ∥∥2Q. (58)
Ñëåäñòâèå 3. Åñëè â óñëîâèÿõ òåîðåìû 5 ñïðàâåäëèâî íåðàâåíñòâî δ > 0 , òî
îïåðàòîð T ÿâëÿåòñÿ æåñòêî íåðàñòÿãèâàþùèì.
Òåîðåìà 6. Ïóñòü ñóùåñòâóåò ðåøåíèå âàðèàöèîííîãî íåðàâåíñòâà (33), âû-
ïîëíåíû óñëîâèÿ (46), (47), à òàêæå
ε > 0, δ > 0,
ãäå ε, δ îïðåäåëåíû îðìóëàìè (49), (50).
Ïóñòü ïîñëåäîâàòåëüíîñòü
{
q(k)
}∞
k=0
ïîñòðîåíà ïî îðìóëå q(k+1) = Tq(k),
ãäå q(0) ∈ Q  ïðîèçâîëüíûé ýëåìåíò. Òîãäà ýòà ïîñëåäîâàòåëüíîñòü ñëàáî ñõî-
äèòñÿ â Q , åå ïðåäåë ÿâëÿåòñÿ íåïîäâèæíîé òî÷êîé îïåðàòîðà T è ñïðàâåäëèâû
íåðàâåíñòâà:
lim
k→∞
∥∥ y(k) − Λu(k)∥∥
Y
= 0, (59)
lim
k→∞
∥∥ q(k+1) − q(k)∥∥
Y
= 0. (60)
Äîêàçàòåëüñòâî. Ïóñòü p  íåïîäâèæíàÿ òî÷êà îïåðàòîðà T , êîòîðàÿ ñó-
ùåñòâóåò â ñèëó ñëåäñòâèÿ 2. Òîãäà p 1 = Tp , è â ñèëó òåîðåìû 4 ñïðàâåäëèâû
ðàâåíñòâà p 2j − ΛTp = p 2j − Λp 1 = 0 . Â ñèëó òåîðåìû 5 èìååì íåðàâåíñòâî (58).
Ïîäñòàâèâ â íåãî q = q(k) , ïîëó÷èì:∥∥ q(k+1) − p ∥∥2
Q
+ δ
(
Au(k) −Ap1, u
(k) − p1
)
V
+
+
1
τε
∥∥ ε(u(k) − u(k+1))− τ(Au(k) −Ap1) ∥∥2V +
+
m∑
j=1
rj
∥∥ y(k)j − Λu(k+1) ∥∥2Y 6 ∥∥ q(k) − p ∥∥2Q. (61)
Ïîñëåäîâàòåëüíîñòü
{∥∥ q(k) − p ∥∥
Q
}∞
k=1
îãðàíè÷åíà ñíèçó íóëåì è â ñèëó (61)
íå âîçðàñòàåò, ïîýòîìó èìååò êîíå÷íûé ïðåäåë, ñëåäîâàòåëüíî, èç (61) èìååì, ÷òî
lim
k→∞
(
Au(k) −Ap1, u
(k) − p1
)
V
= 0, (62)
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lim
k→∞
∥∥ ε(u(k) − u(k+1))− τ(Au(k) − Ap1 )∥∥V = 0, (63)
lim
k→∞
∥∥ y(k)j − Λu(k+1) ∥∥Y = 0. (64)
Èç (62), (47) ñëåäóåò:
lim
k→∞
∥∥Au(k) −Ap1∥∥V = 0. (65)
Èç (63), (65) ïîëó÷àåì, ÷òî
lim
k→∞
∥∥u(k) − u(k+1)∥∥
V
= 0. (66)
Â ñèëó íåðàâåíñòâà òðåóãîëüíèêà:∥∥ y(k)j − Λu(k)∥∥Y 6 ∥∥ y(k)j − Λu(k+1)∥∥Y + ∥∥Λ(u(k) − u(k+1))∥∥Y .
Èç ýòîãî íåðàâåíñòâà, à òàêæå èç (64), (66) è (32) ïîëó÷àåì (59).
Èç (59), (66) ñ ó÷åòîì ðàâåíñòâà
y
(k)
j − y
(k+1)
j =
(
y
(k)
j − Λu
(k)
)
+
(
Λu(k) − Λu(k+1)
)
+
(
Λu(k+1) − y
(k+1)
j
)
ñëåäóåò, ÷òî
lim
k→∞
∥∥ y(k)j − y(k+1)j ∥∥Y = 0. (67)
Íàêîíåö, èñïîëüçóÿ (59) è îïðåäåëåíèå êîìïîíåíòû T3j îïåðàòîðà T , èìååì:
lim
k→∞
∥∥λ(k+1) − λ(k)∥∥
Y
= r lim
k→∞
∥∥Λu(k) − y(k)j ∥∥Y = 0. (68)
àâåíñòâà (66)(68) îçíà÷àþò, ÷òî âûïîëíåíî óñëîâèå (60), è ïîñêîëüêó q(0) 
ïðîèçâîëüíûé ýëåìåíò, òî îïåðàòîð T ÿâëÿåòñÿ àñèìïòîòè÷åñêè ðåãóëÿðíûì. Êðî-
ìå òîãî, òàê êàê â ñèëó ñëåäñòâèÿ 2 îïåðàòîð T ÿâëÿåòñÿ æåñòêî-íåðàñòÿãèâàþùèì,
òî â ñèëó òåîðåìû 2 ïîñëåäîâàòåëüíîñòü {q(k)}∞k=0 ñëàáî ñõîäèòñÿ â Q è åå ïðåäåë
ÿâëÿåòñÿ íåïîäâèæíîé òî÷êîé îïåðàòîðà T .
àáîòà âûïîëíåíà ïðè èíàíñîâîé ïîääåðæêå ÔÔÈ (ïðîåêòû  08-01-00676,
09-01-00814).
Summary
I.B. Badriev, B.Ya. Fanyuk. Iterative Method for Solving Seepage Problems in Multilayer
Beds in the Presene of a Point Soure.
The paper is devoted to solving the stationary seepage problems of non-ompressible uid
following the nonlinear multi-valued ltration law with limiting gradient in multilayer beds
in the presene of a point soure. This problem is mathematially formulated in the form of
mixed variational inequality with inversely strongly monotone operator in Hilbert spae. For the
solving of the onsidered variational inequality the iterative splitting method is oered. Unlike
the previously onsidered methods, this one makes it possible to nd not only the pressure
of the uid, but also the ltration veloity in the domains orresponding to the multi-valued
points in the ltration law. The onvergene of the iterative method results is investigated.
Key words: seepage theory, multilayer bed, point soure, inversely strongly monotone
operator, iterative proess.
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